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HAIDWIGER’S CONJECTURE (& = 6): NEIGHBOUR 
CONFIGURATIONS OF 6WERTICES IN CONTRACTIONS 
CRITICAL GRAPHS 
Jean MAYER 
Uniuersite’ Paul Vaky, Montpellier, France 
1. Definitions; purpose of the study 
The graphs considered here are simple (without loops or multiple edges). A 
vertex colouring is such that two neighbour vertices (joined by an edge) are of 
different colours; colours are designated by numbers 1,2,3 . . . A k-coloration of 
a graph G is a colouring using & different colours; when it is possible, G is said to 
be k-colourable. If G is k-colourable, but not (k - 1)colourable, it is said to be 
k-chromatic; k is the chromatic number of G. 
To contract a graph G consists in deleting the vertices and edges of a connected 
subgraph H of G which is replaced with a new vertex h; the edges of G having 
one end in H are replaced with edges joining G - H with h, the other end 
remaining unchanged; multiple edges or loops occasionally resulting from this 
operation are eliminated. It is possible to carry out a contraction as a sequence of 
elementary contractions bearing upon one edge at once. Thus contraction is a 
transitive operation. 
Let us now suppose G connected. It is possible to continue its contraction until 
Ki, the trivial graph, is obtained. Previously a graph r will be reached, such that 
its chromatic number is k, but every graph contracted from r has a chromatic 
number strictly lower than k: r is said to be k-chromatic contraction-critical 
(shortly &c.c.); this type of graphs was introduced and studied by Dirac 
[4,% 7,gl. 
Let us call KQ the complete graph of n vertices. According to Hadwiger’s 
conjecture [9], every connected &chromatic graph can be contracted to Kk. In 
other words: The only k-c.c. graphs are the complete graphs (Kk). This conjecture 
which is obvious for k s 3 was proved by Dirac [4] for k = 4. For k = 5, Wagner 
[14] showed that it is equivalent to the four colour conjecture which was 
demonstrated by Appel and Haken, with the help of Koch [l, 21. As for k 2 6, it 
is undecided. However, Dirac [7] showed that every 6-chromatic graph is 
contractible to K6 - E ( K6 with one edge deleted). Analogous results were found 
for k 2 7 by Jakobsen [lo] and Mader [12]. 
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We shall consider here the cafe k = 6. Let r be a 6-C.C. graph, not isomorphic 
to &. We shall prove that, if r exists: 
1. the configuration induced by the neighbours of a vertex of degree 6 
(configuration designated here by G) can only be one of the eight types presented 
in Fig. 2 (type H being excluded, as reducible); 
2. if an edge joins two 2/6, these are of the same type (namely A, G or J). 
Notations used 
A graph or subgraph is designated by a capital letter, a point or vertex by a 
small letter (italics are reserved for numbers or indices named by letters). Usual 
signs for inclusion or belonging to a set are used. Moreover we shall denote: 
v,: vertex of degree i (or &vertex). 
(a, 6): edge joining a and 6. 
P(a, 6): path connecting a and 6. 
Kg complete graph of 0 vertices. 
Si% K, with one edge subdivided into a path of length QZ. 
G > H: G is contractible to H. 
r: 6-chromatic contraction-critical graph, not isomorphic to &. 
T(a):subgraph of r induced by the neighbours of the vertex a (or neighbour 
configuration of a). If a is a q, one may write 4. 
Colours used in a m-coloration of a graph are designated by numbers 
1,2,3, . . . , Ql. 
2. Properties of 6-C.C. graphs 
If r is 6-C.C. and non-isomorphic to &: 
Every vertex of r is of degree a 6 (Dirac). 
r$ KS (Dirac). Hence, for every vertex X, T(x) $ K4. 
(2.1) 
(2.2) 
r is a-connected (deleting any five vertices of r does not destroy 
connectivity) (Mader, [ 1 I]). (2.3) 
For every vertex of degree I, 4 does not contain i - 3 independ- 
ent vertices. In particular r6 has stability number @ = 2 (Dirac). (24 
From the precedent statement Dirac deduced: 
G contains either two vertex-disjoint triangles or K4 - E (K4 with 
one edge deleted). (2.5) 
Menger-Dirac theorem [6]: in a m-connected graph, two disjoint 
sets of vertices A and B are connected by a set Y of at least qz 
two-by-two independent paths (except for the end-vertices which 
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may be common). Moreover, if A (resp. B) contains at least m 
vertices, every vertex of A (resp. B) is the end of at most one 
path of the set Y. (2.6) 
3. Structure of XT, 
One can strengthen statements (2.2) and (2.5). 
Let us designate by Sf) a K,, an edge of which has been subdivided by 
insertion of a vertex of degree 2 (See Fig. 1 for n = 5). 
r+s 5”); by consequ en e, c f or every x, r(x) + S$*). (3 1) . 
Proof. r being (i-connected by (2.3), r - S$*) = U includes a connected com- 
ponent C (possibly C = U) attached at the six vertices of Sg”). By contracting S$*) 
to KS and C to a single vertex, one obtains a &: thus r is not 6-c.c., contrary to 
the hypothesis. The consequence is immediate. Cl 
G (neighbour configuration of a v,) is isomorphic to one of the 
graphs of Fig. 2, except H, which is reducible. (3 2) . 
Proof. By (2.9, & contains either the diagram A or the subgraph r(a, b, c, d) of 
the diagram G. In the former case, on account of (2.2) and (3.1), one can add at 
most three edges (not all concurrent) to A: thus one obtains B, C, D, E or F. In 
the latter case, on account of (2.4), e is joined with a or d (say with a) and with f; 
if f is joined with a, we have the first case again; thus f is joined with d: thus one 
obtains G, H or J. Kl 
Proof of the reducibility of I-l Let x0 be a 216 in r with neighbour configuration 
isomorphic to H (Fig. 2, H). If we contract P&, x0, x,) to a vertex, we get a 
graph r’, 5-colourable as contracted from r. Every S-coloration of r’ induces a 
5-coloration of r -x0 with x5 and &, of the same colour, say colour 5. Since r is 
6chromatic, each of the 5 colours needed in colouring r - x0 must be present in 
T(xo), that is to say, x1, x2, x3, x4 use four different colours, none of which can 
be removed by a “Kempe interchange” between two colours. Thus there are two 
Fig. 1. 
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bicoloured chains P(q, xg) and P(Q, x4) in r - x0 without a common vertex. 
Contract each of them to an edge and (x1, x5) to a vertex: you obtain a &, 
against the assumption made about r. El 
Every marked vertex in Fig. 2 is of degre? 2 7 in r. (3.3) 
Proof. One can verify directly that every graph in Fig. 2 (except A) contains five 
distinct vertices, say h, j, k, I, m, such that {h, j} and {k, m} are independent 
sets and P(k, I, m) is a path of length 2, I being any marked vertex in the diagram 
considered. Let x0 (Fig. 3) be a 6-vertex in r and I a marked vertex in the 
neighbour configuration of x0. Suppose I of degree 6 in r. x0 U T(x,) includes two 
paths P(h, x0, j) and P(k, I, m), every one of which we contract to a vertex; thus 
we obtain a graph r’ which is 5colourable as a graph contracted from f. Every 
5-coloration of r’ induces a 5coloration of F -x0, in which the colour of h is 
repeated in j, and the color of k is repeated in m. The colouring of I (which is of 
degree 5 in r -x0) does not encounter any obstacle, since two neighbours of I are 
of the same colour. The 5-coloration of r - x0 extends directly to r, since r(xo) 
uses four colours at most. Then if I is of degree 6 in r, r is not 6-C.C. 0 
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If r(xO) is isomorphic to A, B, C, . . . , we shall say that x0 is of type 
A,B,C... 
We now intend to prove that, if an edge of r joins two vg, both of them are of 
the same type, and this type can only be A, G or J. 
Firstly two new reductions will be stated. 
Let G be a konnected graph with a subgraph G(a, 6, c, d, e, f) . 
made of an edge (a, b) and four common neighbours c, d, e, f of a 
and b; if G contains a K4 disjoint from (a, b), G can be contracted 
t0 &j (Fig. 4). 
Proof. Let c’, d’, e’, f’ be the vertices of the &; they are different from a and 6, 
but not necessarily from c, d, e, f. G - a - b is 4-connected, because G is 
6connected. Without loss of generality, by (2.6) we can assume that there are 
four (i, i’)-paths for i = c, d, e, f. Possibly i = i’ for some i; if for example c = c’, 
the graph G - a - b - c is 3-connected and there are three (i, i’)-paths for 
i = d, e, f. In p-very case, we contract each of the (i, i’)-paths to a vertex to 
produce the required &. 0 
Let G be a 6-connected graph, x0 a 6-vertex of G with G(xoJ 
consisting of two triangles (a, c, d) and (6, e, f) connected by the 
Fig. 4. 
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edge (a, b) (and possibly other edges); if G contains a K4 disjoint 
from (a, b), G can be contracted to K6. (3.5) 
Proof. x0 U G(xo) contains the subgraph of Fig. 5. G - Q - b is 4-connected and 
there is no path from x0 to the K4 independent from {c, d, e, f}, Therefore one 
can apply the same contraction as in (3.4) and then contract (CL, 1:; to a vertex to 
produce the required K6. Cl 
If r COntainS a v6 of type J, say x0, r(xo) being a wheel w6 with 
centre c: 
(1) every v6 e r ik joined with c by an edge: 
(2) a v6 of F k necessarily of type G or J, 
(3) in particular, a v, joined 
centre c as x0). 
Proof. (1) The edge (x0, c) belongs to 
clique K4 c r must contain x0 and/or c. 
KS - E, it must be joined with x0 or c; 
+th c. 
with x0 is of type J (with the same 
(3.6) 
five triangles; therefore, by (3.4), every 
Since a 216 is contained in two K4 or in a 
but every neighbour of x0 is also joined 
(2) If x1 is a vg of type A, B, C, D, E or F, it belongs to two K4, one of which 
contains x0 and the other one contains c. Therefore, in T(xl), the edge (x0, c) 
joins two K3, hence A is exclude i. Furthermore such an edge cannot have an 
end-vertex of degree 6, which excludes the other types above-mentioned, by 
contradiction with the degree of x0. On the other hand, if x1 is of type J, c can be 
the centre of I’(x,) as well as of I’(x,): if x1 is of type G (see Fig. 2, G), c can 
occupy the position b (or c) in T(x,). 
(3) If x, is a ?&, joined with x0 by an edge, it has three common neighbours with 
x0; hence x0 is of degree 3 in I&); for a 6-vertex, that condition is satisfied only 
is the wheel J. Evidently, the centre of this wheel is the same as that of 
The v6 of types B, C, D, E, F have no neighbours of degree 6. (3.7) 
d e 
% 
Fig. 5. 
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Proof. h x0 be ;il 216 of one of the above types and r~ a 216 joined with x0. 
Because of (3.3), v cannot be a marked vertex. And if ZJ is a non-marked vertex, 
three cases are to be considered: 
(1) r(v) contains two disjoint triangles: thus v is contained in two &, one of 
which is disjoint from {a, b}, (a, b) being an edge joining the two triangles 
existing in T(xo). But in this case r > &, by (3.5). 
(2) v is of type G, with x0 E K5 - E c v U r(v). But in this case x0 is a marked 
vertex in T(v) and cannot be a v6: contradiction. 
(3) v is of type J: this case is excluded by (3.6.) 0 
A (v6, v,)-edge joins two vertices of the same type, namely A, G 
or J. (3-Q 
Proof. Let x1 and x2 be the two 6-vertices. They can have only two or three 
--CI common neighbours If they have two ~t:tt:~: zzigl%r::;i *joined by an edge, 
both x1 and x2 are of type A by (3.7); if the two common neighbours are not 
joined by an edge, both x1 and x2 are of type G; if x1 and x2 have three common 
neighbours, both of them are of type J (and their neighbouring configurations 
have the same centre). •J 
In strong contrast with type J, the presence in r of a 2)6 of type C or F makes 
the cliques K4 extremely rare, so we can state: 
If there is in ra v6 of type C or F, rdoes not contain any other v6. (3.9) 
Proof. Let x0 be a v6 of type c with r(xo) consisting of two triangles (a, 6, c) and 
(a’, b’, c’) joined by two edges (a, a’) and (6,6’). By (3.9, a KS disjoint from x0 
necessarily contains Q or Q’ and 6 or 6’, i.e. a and 6 or, symmetrically, CL’ and 6’. If 
it contains a and 6 and not c, (a, 6) belongs to four triangles and r(xo, a’, b’, c’) 
is a K4 disjoint from {a, b}, a case which is excluded by (3.4). Therefore the K4 
must contain c and is, say, r(a, 6, c, d); r-x0 can include only one more &, 
namely r(a’, 6’, c’, d’). But under these conditions d (or d’) cannot be a 216, by 
(3.5). Since x0 has no 6-neighbours by (3.7), x0 is the only 216 in f. For x0 of type 
F, i.e. with (c, c’) E F, the proof is strictly the same. Cl 
4. G-vertices 
If r contains non-isolated 6-vertices of type G, they can only form K2- or 
&-components (Figs 6,7,8, left). In the present section we shall prove that: 
(1) A K3 made of three G-vertices is a reducible configuration. 
(2) If two G-vertices form a K2, r does not contain any other 6-vertex. 
J. Mayer 
a 
4 b2 b2 
d2 
d2 
8 e 
Fig. 6. 
By construction, if two G-vertices x1 and x2 of r form a X2, r(xl) U r(x2) = X 
is necessarily isomorphic to Fig. 6 (left) or to Fig. 7 (left). A third G- vertex can 
be added to Fig. 6 (in position e (=x3)) to give the Fig. 8 (left) with 
X = r(q) U r(x2) U r(xj). In each of these three cases let us designate bv U the 
complement of X in r, i.e. U = r-X. Every vertex of X-x1 -x2 (resp. 
x-x, -x2 -x3) has neighbours in U, by (2.1). These vertices are the 
attachments of U in X. The attaching sets of U are represented in Figs 6, 7, 8 
(right). U can be connected or can consist of connected components UI, U2, . . . , 
each of which has at least six attachments in X, because of (2.3). 
The configuratio.n of Fig. 6 is reducible by r> K6, unless 
U = UI + U2, the connected components UI and U2 being 
respectively attached at Ia, bl, dl, e, 62, b2) and at 
(a, cl, dl, e, d2, ~2). (4-l) 
- of. There are three cases, the first two of which are reducible: 
(1) UI is attached at bl, cl, b2 (or equivalently c2) and at least three vertices 
a_ 
Fig. 7. 
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Fig. 8. 
E P(a, c2, d2, e, d,). Let us contract P to an edge (a, d,) so that a and dI remain 
(or become) attachments of UI; let us then contract V, U b2 U x2 to a vertex: we 
get the result I’ > K6. This case includes the case of U connected. 
(2) U, is attached at a, bl, cl, dl, e, d2. By exclusion of Case 1, U2 is attached 
at a and dI: therefore the contraction of U2 provides the edge (a, d,); then 
contract U, U d2 U x2 to a vertex: you get a K6 again. 
(3) UI is attached at a, bI, dI, e, d2, 6,; U2 is attached at a, cl, dl, e, d2, c2. 
This is the irreducible case of the statement (other irreducible cases differ from 
that only by the notations, e.g. by the permutation of bI and c,). Of course, if 
there exists a component US providing the edge (a, d,), UI U (62, c2) U U, can be 
treated as a connected component of P - P(x,) and we get a Kg again. Cl 
The configuration of Fig. 7 is reducible by r > K6, unless 
U = UI + U2, the connected components U, and U2 being 
respectively attached at Ia,, h4, e,b, d2) and at 
(aI, ~~4, a2, ~2, &)- V-2) 
The proof is quite similar to that of (4.1). 
A 
Proof (see 
which U = 
triangle of G-vertices is reducible. (43 
Fig. 8). By (4.1), there remains only one case to be considered, in 
UI + U2, the attaching sets being respectively {a,, bI, a2F 62, a3, 63) 
and {aI, cl, a2, ~2, a3, c,}. Ttatar contract P(al, x3, a3, c2, a2) to an edge (aI, as); 
contract U2 U c3 to a vertex tc obtain the edge (c,, c3); contract P(q) x2, 62) and 
P(63, c3, c,) each to a vertex; finally contract U, to a vertex f : you get a K6 (see 
Fig. 9). 0 
The irreducible cases of (4.1) and (4.2) are concerned by the following 
144 
statement: 
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If r contains two G-vertices x l, x2 joined by an edge, r does not 
contain any K 4 except those included in T(x,) U T(x2). By 
consequence, there are no other &vertices in r than x1 and x2. (44 
proof. We shall treat only the case of Fig. 6. The case of Fig. 7 is very similar. 
U consists of two connected components U, and U2 with respective attaching 
sets {a, b, , dl , e, d2, b2} and {a, cl, dl , e, d2, cz}. Let us suppose that r contains 
a 4-clique K included in (say) UI U a U e. There .are three cases: 
(1) K contains neither a nor e. By (2.3), r - a - e is 4-connected, so there are 
four paths from the vertices of K to { bl , dl , d2, b2) : contract each of them to a 
vertex; contract (x,, x2); contract a U U2 U e to a vertex: you get a K6, against the 
assumption made about r. 
(2) K contains a; it does not contain e, because (a, e) $ r Since r - b2 - e is 
4-connected, there are three paths from K - a to (b, , d: , d2}: contract each of 
them to a vertex; contract (a, b2) and (xl, x2); contract (b,, c,) and (b,, c2); 
finally contract U2 U e to a vertex; you get a K6 again. 
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(3) K contains e (and not a). Since r - & - Q is 4-connected, there are three 
paths from K - e to (6 1, dl, b2}: contract each of them to a vertex; contract 
(e, d2) and (xl, x2); contract (b,, cl) and (Q2, c2); finally contract U, U a to a 
vertex: again, you get a &. 
Since a u6 of r belongs to a clique K4, a 216 different from x1 or x2 cannot exist 
in IY Cl 
5. Concluding remarks 
It foiiows from the two preceding sections that, except when it consists of a K2 
made of two G-vertices, the 6-vertex subgraph of r can consist only of: (1) 
connected components, all made of A-vertices of J-vertices (or is exclusive here, 
by (3.4)) and (2) isolated vertices. 
It is important to remark that r may contain no vertex of degree C. Mader [12] 
has proved that if a graph has p vertices and 9 edges, p a 6 and 4 3 4p - 9, then 
it can be contracted to &,. Thus for r 4 s 4p - 10 a&i r must c&k& a v6 or a 
41~; if it contains no 6-vertex, it must have at least twenty 7-vertices. But, after our 
examination, r7 can have more than a hundred different types. 
We are greatly indebted to the referee for precise remarks on the paper, and to 
Mrs Florence Depraz for carefully reading over the English text. 
Note added in proof 
Types F and J are reducible. 
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